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Abstract
We attempt a clarification of geometric aspects of quantum field theory by using the
notion of smoothness introduced by Fro¨licher and exploited by several authors in the
study of functional bundles. A discussion of momentum and position representations in
curved spacetime, in terms of generalized semi-densities, leads to a definition of quantum
configuration bundle which is suitable for a treatment of that kind. A consistent approach
to Lagrangian field theories, vertical infinitesimal symmetries and related currents is then
developed, and applied to a formulation of BRST symmetry in a gauge theory of the
Yang-Mills type.
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Introduction and summary
Our understanding of quantum field theory (QFT) may benefit from clarifications regarding
the differential geometric notions underlying it. Usually one considers a quantised version of
a classical field, which is a section of a finite-dimensional bundle over spacetime, by seeing it
as “operator-valued”. Apparently, the standard formalism of differential geometry seamlessly
carries over to this infinite-dimensional setting, but a closer look reveals complications.
One should also bear in mind that QFT is presently better understood and effective
in a very specialized context, where one essentially works in Minkowski spacetime with a
chosen observer, and background parallel transport of internal configurations is available.
These background structures allow various simplifications and identifications; in particular,
the spatial Fourier transform yields a full correspondence between position and momentum
representations. A possible covariant formulation on a curved fixed background, on the other
hand, besides giving us some opportunity of studying gravitational effects in particle physics,
constrains our setting to be meaningful at a higher level, and also allows us to distinguish
where exactly the various needed assumptions enter the picture.
A useful ingredient in that quest is the notion of smoothness introduced by Fro¨licher [23], or
F-smoothness, which has been studied and exploited by several authors [24, 31, 8, 9, 10, 11, 12,
30, 16] and provides a convenient approach to infinite-dimensional bundles. The differential
geometric notions of tangent, vertical and jet functors, bundle connections, the Fro¨licher-
Nijenhuis algebra of tangent-valued forms, all can be introduced in the context of functional
and distributional bundles over a finite dimensional base manifold by a fairly direct and
general procedure, without heavy involvement in infinite-dimensional topology. In particular,
the notion of a smooth connection of a functional bundle has been applied in the context
of the “covariant quantization” approach to Quantum Mechanics [13, 26, 28, 27, 37, 40, 41],
while the geometry of distributional bundles is used in an approach, proposed by this author,
to the physics of interacting quantum particles [17, 21].
In the literature one finds works about BRST cohomology and related issues which treat
the matter in a much more ample and general way than this one [6, 1, 7, 2, 3]. Admittedly we
do not aim at such generality, but rather at a close examination of some essential notions in the
concrete context of Yang-Mills theories. Thus we try to avoid intricacies such as infinite jets
or Fre´chet space topology, while at the same time we try not to overlook certain complications
which, particularly in the physical literature, are often dealt with in a rather informal way.
F-smoothness enters the present paper in two distinct ways: the geometry of quantum state
bundles, which was introduced in previous papers and is reviewed here, and the geometry of
those bundles over spacetime whose sections are the quantum fields. The relation between
these two complementary aspects is examined in §1, and it is argued that their equivalence is,
in general, only partial and dependent on a suitable linearization and the choice of a spacetime
synchronization; but we remark that a distinguished time is actually needed in all approaches
to QFT.
In §2 we lay down the basics of F-smooth geometry for quantum fields. The quantum
configuration bundle is obtained from the classical bundle via fiber tensor product by a certain
infinite dimensional Z2-graded algebra which was defined in §1. Jet bundles and connections
can be introduced by a straightforward adaptation of the general procedure already used in
other contexts, while the notion of fiber partial derivative and dual bundles require special
care. We then apply those ideas to a jet-bundle approach to Lagrangian field theory, drawing
the guidelines from the well-developed classical theory [25, 29, 34, 32, 33, 38, 39]. There one
deals with arbitrary exterior forms on jet bundles of the configuration bundle, which can be
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actually introduced in the said quantum context but present us with some complications.
In order to deal with vertical infinitesimal symmetries, however, the restricted notion of
basic form (or “totally horizontal” form [35]) is sufficient. The symmetry naturally acts on
such forms by a “pseudo-Lie” derivation which raises the order of the form. The result of
applying this to a Lagrangian density splits as a horizontal differential plus (essentially) the
Euler-Lagrange operator, whence we derive a special version of the Noether theorem and the
notions of current and charge associated with the symmetry.
Finally we apply these ideas to a formulation of BRST symmetry in a gauge theory of
the Yang-Mills type. The classical geometric background and the issue of gauge freedom are
discussed in a fairly general setting, though we provisionally disregard the distinction between
the right-handed and left-handed sectors and symmetry breaking. Then we introduce the
vertical vector field generating the symmetry, and calculate the corresponding current. A
comparison of the equivalent first-order and second-order versions of the ghost Lagrangian
yields some insight about Noether’s theorem in this context.
1 Quantum bundles and quantum fields
1.1 Finitely-generated multi-particle algebra
Let Z ֌ X be a finite-dimensional vector bundle. Denote by Z1 the vector space of all
sections z : X → Z which vanish outside some finite subset Xz ⊂X ,
Z1 ≡
{
|z〉 =
∑
x∈Xz
|z(x)〉
}
, X ⊃Xz finite
(we denote z and z(x) ∈ Zx as “ket” objects when it is convenient). Note that the term
“section” is used here in a broad sense, and X could actually be an arbitrary set; in practice,
we’ll deal with smooth bundles.
This Z1 is our template for the space of states of one particle of some type. We de-
fine the associated “n-particle state” space Zn to be either the symmetrised tensor product
∨nZ1 (bosons) or the anti-symmetrised tensor product ∧nZ1 (fermions). The “multi-particle
state” space is Z ≡⊕∞n=0Zn (constituted by finite sums with arbitrarily many terms). If
y ∈ Zm, z ∈ Zn, then we define y ♦ z ∈ Zm+n to be either y ∨ z or y ∧ z . By abuse of lan-
guage we call this the “exterior product” of y and z , and extend it to any elements in Z by
linearity.
Let Z∗ ֌X be the dual vector bundle. The dual space of Z1 is the vector space of all
sections X → Z∗, which we can formally write as infinite sums ζ =∑x∈X 〈ζ(x)|. Actually
〈ζ, z〉 =∑x∈Xz 〈ζ(x), z(x)〉, a finite sum. For our purposes we may as well work with its
subspaceZ∗1 constituted of all such sections which vanish outside some finite subset. Exterior
product (with the same parity as that of the associated Z1) yields now spaces Z∗n and the
“dual multi-particle space” Z∗ ≡⊕∞n=0Z∗n.
Next we introduce an “interior product” λ |ψ , where ψ ∈ Z and λ ∈ Z∗. For fermions,
this is the usual interior product i[λ]ψ of exterior algebra. For bosons it can be defined
similarly, as tensor contraction with appropriate symmetrization and normalization, so that
the rule (ζ ♦λ) |ψ = λ | (ζ |ψ) holds for all ζ ∈ Z∗1, λ ∈ Z∗.
A general theory of quantum particles has several particle types. Correspondingly, one
considers several multi-particle state spaces (or “sectors”) Z ′, Z ′′, Z ′′′ etc. The total state
space is now defined to be
V := Z ′⊗Z ′′⊗Z ′′′⊗ ··· =⊕∞n=0Vn
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where Vn, constituted of all elements of tensor rank n , is the space of all states of n particles
of any type. We observe that if X and Y are any two vector spaces, then their antisymmetric
tensor algebras fulfill the isomorphisms
∧p(X ⊕Y) ∼=⊕ph=0 (∧p−hX )⊗ (∧hY) , (∧X )⊗ (∧Y) ∼= ∧(X ⊕Y) .
Hence all fermionic sectors can be described by a unique overall antisymmetrised tensor al-
gebra. A similar observation holds true for the bosonic sectors, while we regard mutual
ordering of fermionic and bosonic sectors as inessential. Similarly one constructs a “dual”
space V∗ := Z∗′⊗Z∗′′⊗Z∗′′′··· =⊕∞n=0V∗n.
If we now let the grade ⌊φ⌉ of a monomial element (a “decomposable tensor”) φ ∈ V to
be the parity of the number of fermion factors it contains, then we can see V as a “super-
algebra” (a Z2-graded algebra), products being performed in the appropriate tensor factors.
Similarly, the interior product is defined by performing interior products in the appropriate
tensor factors. We then obtain the rules
ψ ♦φ = (−1)⌊φ⌉⌊ψ⌉φ ♦ψ , (ζ ♦ ξ) |ψ = ξ | (ζ |ψ) ,
z | (φ ♦ψ) = (z |φ) ♦ψ + (−1)⌊z⌉⌊φ⌉ φ ♦ (z |ψ) , φ, ψ ∈ V , ζ, ξ ∈ V∗1,
valid whenever each of the involved factors has a definite grade. A linear map X : V → V
is called a super-derivation (or anti-derivation) of grade ⌊X⌉ if ⌊Xψ⌉ = ⌊X⌉ + ⌊ψ⌉ and if it
fulfills the graded Leibnitz rule1
X(φ ♦ψ) = (Xφ) ♦ψ + (−1)⌊X⌉⌊φ⌉φ ♦Xψ .
The absorption operator associated with ζ ∈ V∗1 and the emission operator associated
with z ∈ V1 are the linear maps V → V respectively defined as
a[ζ]φ ≡ ζ |φ , a∗[z]φ ≡ z ♦φ , φ ∈ V .
Similarly we have operators a[z], a∗[ζ] : V∗ → V∗. We obtain λ | a[ζ]ψ = (a∗[ζ]λ) |ψ for all
λ ∈ V∗, namely a[ζ] and a∗[ζ] are mutually transposed endomorphisms.
By finite compositions and finite linear combinations, absorption and emission operators
generate a vector subspaceO ⊂ EndV . This turns out to be a Z2-graded algebra (the algebra
product being the composition of endomorphisms) by letting the grades of a[ζ] and a∗[z] be
⌊ζ⌉ and ⌊z⌉ , respectively. The super-bracket of X,Y ∈ O is then defined by
{[X,Y ]} := X Y − (−1)⌊X⌉⌊Y ⌉Y X
whenever both X and Y have definite grade, and extended by linearity. In particular, for all
y, z ∈ V1 and ζ, ξ ∈ V∗1 we get
{[a[ξ], a[ζ]]} = {[a∗[y], a∗[z]]} = 0 , {[a[ζ], a∗[z]]} = 〈ζ, z〉 1 .
Remark. If X and Y are derivations then {[X,Y ]} turns out to be a derivation of grade
⌊X⌉ + ⌊Y ⌉. Furthermore, the map adX : Y 7→ adXY ≡ {[X,Y ]} turns out to be a derivation
of grade ⌊adX⌉ = ⌊X⌉ in O .
1 This expression, as well as others which follow, involves decomposable elements; extension by linearity
must be understood.
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On the other hand we also have, on the same underlying vector space, a graded algebra
O ≡⊕∞n=0On where O0 ≡ C and On is the space spanned by compositions of n emission
and absorption operators. Now we observe that as a vector space O is naturally isomor-
phic to V ⊗V∗ ∼= ♦∞n=0(V1 ⊕ V∗1) . The identification is obtained by using the above super-
commutation rules in order to move all absorption operators to the right of any emission
operators (normal order). On the other hand, if we replace the last rule by letting a[ζ] and
a∗[z] super-commute, then we get an isomorphism of N-graded algebras. The situation is quite
similar to that of a Clifford algebra, where the scalar product determines a new algebra struc-
ture on the exterior algebra of a vector space; the new product is not “super-commutative”.
In most practical cases Z ֌X is a complex bundle with a Hermitian structure in its fibers.
This yields an isomorphism # : Z∗ → Z : ζ 7→ ζ# over X, where Z ֌ X is the conjugate
bundle; the inverse of # is denoted as ♭ : z¯ 7→ z¯♭. The induced anti-isomorphism Z1 → Z∗1 is
traditionally denoted as |z〉 7→ 〈z| . Extending it to an anti-isomorphism Z ↔ Z∗ is straight-
forward.
We also note that whenever a sector corresponding to a complex bundle Z is considered,
then the theory also includes the sector corresponding to Z. Accordingly, for ζ ∈ V∗1 we have
the “anti-particle” emission operator a†[ζ] ≡ a∗[ζ#] .
Remark. In the case of Dirac spinors one uses two different Hermitian structures: the
(intrinsic) Dirac conjugation is denoted as z 7→ z¯♭ (usually just z¯), while the conjugation
determined by the positive Hermitian structure associated with the chosen observer is denoted
as z 7→ z† ≡ z¯♭ ◦ γ0 .
1.2 Quantum states as generalised semi-densities
Let Z ֌X be a finite-dimensional complex vector bundle, dimR X = m . Assume that X
is orientable, and choose a positive semi-vector bundle2 V ≡ VX ≡ (∧mTX)+ . A section
X → V−1/2⊗Z is called a Z-valued semi-density. The vector space of all such sections
which are smooth and have compact support is denoted as /D◦(X ,Z) . The dual space of
/D◦(X,Z∗) in the standard test map topology [36] is indicated as /D(X ,Z) and called the space
of Z-valued generalised semi-densities. In particular, a sufficiently regular ordinary section
θ : X → V−1/2⊗Z is in /D(X ,Z) via the rule 〈θ, σ〉 := ∫
X
〈θ(x), σ(x)〉 , σ ∈ /D◦(X ,Z∗) .
Semi-densities have a special status among all kinds of generalised sections because of
the natural inclusion /D◦(X ,Z) ⊂ /D(X,Z) . Furthermore, if a fibered Hermitian structure
of Z ֌X is assigned then one has the space L2(X ,Z) of all ordinary semi-densities θ
such that 〈θ†, θ〉 <∞ . The quotient H(X,Z) = L2(X,Z)/0 is then a Hilbert space (here
0 ⊂ L2(X,Z) denotes the subspace of all almost-everywhere vanishing sections), and we get
a so-called rigged Hilbert space [4]
/D◦(X,Z) ⊂H(X,Z) ⊂ /D(X,Z) .
Elements in /D(X,Z) \H(X ,Z) can then be identified with the (non-normalizable) gener-
alised states of the common terminology.
Let δ[x] be the Dirac density on X with support {x} , x ∈X . A generalised semi-density
is said to be of Dirac type if it is of the form δ[x]⊗ v ∈ /D(X,Z) with v : X → V1/2⊗Z.
We define /D(X,Z) to be the space of all finite linear combinations of Dirac-type semi-
densities. An important result in the theory of distributions [36] implies that /D(X ,Z) is
dense in /D(X ,Z), namely any generalised semi-density can be approximated with arbitrary
2 For an account of positive semi-spaces and their rational powers, see [21] and the bibliography therein.
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precision (in the sense of the topology of distributional spaces) by a finite linear combination
of Dirac-type semi-densities.
An isomorphism Z1 ↔ /D1 ≡ /D(X ,Z) is determined by the assignment of a volume form
η : X → V−1. If (bα) is a frame of Z ֌X (for notational simplicity we assume its domain
to be the whole X), then this isomorphism is characterised by the correspondence
|x〉⊗ bα(x)↔ Bxα ≡ δ[x]⊗ η−1/2⊗ bα(x) .
The set
(
Bxα
) ⊂ /D1 is called a generalised basis. Accordingly we introduce a handy
“generalised index” notation. We write Bxα ≡ δ[x]⊗ η−1/2⊗ bα(x) , where (bα) is the dual
classical frame. Though contraction of any two distributions is not defined in the ordinary
sense, a straightforward extension of the discrete-space operation yields
〈Bx′α′ ,Bxα〉 = δx′x δα
′
α ,
where δx
′
x is the generalised function usually indicated as δ(x
′−x) . This is consistent with
“index summation” in a generalised sense: if z ∈ /D◦(X ,Z) and ζ ∈ /D◦(X,Z∗) are test semi-
densities, then we write
zxα ≡ zα(x) ≡ 〈Bxα, z〉 , ζxα ≡ ζα(x) ≡ 〈ζ,Bxα〉 ,
〈ζ, z〉 ≡ ζx′α′ zxα 〈Bx′α′ ,Bxα〉 ≡
∫
X
ζα(x) z
α(x) η(x) ,
namely we interpret index summation with respect to the continuous variable x as integration,
provided by the chosen volume form. This formalism can be extended to the contraction of
two generalised semi-densities whenever it makes sense.
We extend the above constructions to multi-particle spaces. The identification Z1 ↔ /D1
extends to Zn ↔ /Dn ≡ ♦n /D1 . Then Zn turns out to be dense in Zn, defined to be ei-
ther the symmetrised or the antisymmetrised subspace of /D(Xn,⊗nZ) , Xn ≡X × ···×X .
Next we set Z ≡⊕∞n=0Zn, and assemble several particle types into one total state space
V := Z ′⊗Z ′′⊗ ···. An analogous construction yields the “dual” space V∗. Furthermore, us-
ing the spaces /D◦ of test semi-densities we obtain subspaces V◦ ⊂ V and V∗◦ ⊂ V∗. All these
spaces are naturally Z2-graded.
Also the constructions related to the operator algebra (§1.1) can be extended to the present
setting. If ζ ∈ V∗1 and z ∈ V1 then the absorption operator a[ζ] and the emission operator
a∗[z] are well-defined linear maps V◦ → V . The vector space O1 of all sums of the kind
a[ζ] + a∗[z] has the subspace O1 of all finite linear combinations of absorption and emission
operators associated with Dirac-type semi-densities. In particular we write axα ≡ a[Bxα] ,
a∗xα ≡ a∗[Bxα] , and obtain super-commutation rules{[
axα, ax
′α′
]}
=
{[
a∗xα, a
∗
x′α′
]}
= 0 ,
{[
axα, a∗x′α′
]}
= δαα′ δ
x
x′ ,
where the latter is to be understood in a generalised sense: for ζ ∈ V ∗1◦ , z ∈ V 1◦ , we write{[
a[ζ], a∗[z]
]}
=
{[
ζxα a
xα, zx
′α′ a∗x′α′
]}
= ζxα z
x′α′
{[
axα, a∗x′α′
]}
= 〈ζ, z〉 .
Next we denote as On, n ∈ N , the vector space spanned by all compositions of normally
ordered n emission and absorption operators. A product On ×Op → On+p can be defined
as composition together with normal reordering, obtained by imposing the modified rule
{[
axα, a∗x′α′
]}
= 0 . (1)
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SettingO0 ≡ C we obtain a graded algebra O ≡⊕∞n=0On of linear maps V◦ → V (we remark
that here, differently from §1.1, normal order is needed for obtaining an algebra of such maps).
Moreover, O turns out to be a Z2-graded algebra by letting the grades of a[ζ] and a
∗[z] be
⌊ζ⌉ and ⌊z⌉ , and we have the isomorphism O ∼= V ⊗V∗.
Let Z : R→ O be a local curve such that limλ→0[Z(λ)χ] ∈ V exists in the sense of distri-
butions for all χ ∈ V◦ . Then limλ→0 Z(λ) is a well-defined linear map V◦ → V which belongs,
in general, to an extended space O• ⊃ O . In this paper we won’t be concerned with the issue
of defining a topology on O•, as the notion of F-smoothness will suffice for our purposes.
1.3 Fro¨licher-smoothness
LetM be any set. A family CM of curves R→M determines a family FCM of mapsM→ R
by the rule
f ∈ FCM ⇐⇒ f ◦ c ∈ C∞(R) ∀ c ∈ CM .
Conversely, a set FM of functions M→ R determines a set CFM of curves in M by
c ∈ CFM ⇐⇒ f ◦ c ∈ C∞(R) ∀ f ∈ FM .
An F-smooth structure on M is defined to be a couple (CM,FM) such that CM and FM
determine each other, namely FCM = FM and CFM = CM . Note that either any set C0 of
curves in M, or any set F0 of functions on M, generate an F-smooth structure either by
FM := FC0 or by CM := CF0 . If (N ,CN ,FN ) is another F-smooth structure, then a map
Φ : M→N is called F-smooth if Φ ◦ c ∈ CN for all c ∈ CM , or equivalently if f ◦ Φ ∈ FM for
all f ∈ FN .
It can be proved [5] that a function f : M → R on a classical manifold M is smooth (in
the standard sense) if and only if the composition f ◦ c is a smooth function of one variable
for any smooth curve c : R→M . Thus one has a unified notion of smoothness based on
smooth curves, including classical manifolds as well as functional and distributional spaces.
This notion of smoothness, which was introduced by Fro¨licher [23], behaves naturally with
regard to inclusions and cartesian products, so it yields a convenient general setting for dealing
with functional spaces and functional bundles [24, 31, 8, 30, 16].
1.4 Fro¨licher-smooth quantum state bundles
F-smoothness in a distributional space is defined quite naturally: a curve c is called F-smooth if
t→ 〈c(t), u〉 is smooth for any test element u . Accordingly, distributional bundles are defined
to be F-smooth vector bundles, over a classical base manifold, whose fibers are distributional
spaces. The geometry of these bundles, and in particular the connections on them, have been
studied in a previous paper [16].
Bundles of generalised semi-densities over particle momenta (“quantum bundles”) are
a special case, which has been applied to a partly original approach to quantum particle
physics [17]. For a given particle type, the underlying “classical” (i.e. finite-dimensional)
geometric structure is that of a 2-fibered bundle Z → Pm →M (the top fibers describing
the ‘internal degrees of freedom’ of the considered particle type), where (M , g) is Einstein’s
spacetime and Pm ⊂ P ∼= T∗M is the sub-bundle overM of future shells for the particle’s mass
m (4-momentum bundle). At each x ∈M we perform the construction presented in §1.2, with
the generic manifold X now replaced by (Pm)x . We get spaces Z
1
x and Z
1
x ≡ /D((Pm)x,Zx) .
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The fibered sets Z1 :=
⊔
x∈MZ
1
x and Z
1 :=
⊔
x∈MZ
1
x turn out to have a natural F-smooth
vector-bundle structure over M . Now the multi-particle state bundles
Z :=
⊕∞
n=0Z
n ֌M , Z :=
⊕∞
n=0Z
n ֌M ,
turn out to be F-smooth vector bundles. The same is true for the sub-bundles ofZ constructed
from /D(Pm,Z) , whose fibers are constituted of finite linear combinations of Dirac-type semi-
densities. A natural isomorphism Z1 ↔ /D(Pm,Z) is determined by the mass-shell Leray
form.3 Considering more particle types, one eventually gets the total quantum bundle
V := Z ′⊗Z ′′⊗Z ′′′⊗ ··· =⊕∞n=0Vn ֌M .
Note that the quantum bundles for particle types of different mass are constructed over
different mass-shell bundles.
In order to proceed we must now consider an orthogonal splitting T∗M ≡ P = P‖ ⊕ P⊥ into
“timelike” and “spacelike” g-orthogonal subbundles over M , which can be seen as associated
to the choice of an observer and is needed in order to build a theory of quantum particles
and their interactions. Indeed, while we may wish we had an observer-independent theory,
we must accept that some kind of an observer and its proper time are always used in particle
physics at the present state of the art. In §1.5 we’ll discuss the viability of a somewhat weaker
requirement.
Let η⊥ be the volume form, associated with the metric, on the fibers of P⊥ ֌M . The
orthogonal projection P → P⊥ yields a distinguished diffeomorphism Pm ↔ P⊥ for each m.
The pull-back of η⊥ is then a volume form on the fibers of Pm , which is denoted for simplicity
by the same symbol. The Leray form can be then written as ωm(p) = (2 p0)
−1η⊥(p) , p ∈ Pm ,
where p0 ≡ Em(p⊥) = (m2 + p2⊥)1/2.
It will be convenient to use the “spatial part” p⊥ of the 4-momentum p as a label, that
is a generalised index for quantum states. For each p ∈ Pm let δm[p] the Dirac density with
support {p} on the same fiber of Pm , and δ(y⊥−p⊥) the generalised function characterised by
δm[p](y) = δ(y⊥−p⊥) d3y in terms of linear coordinates
(
yλ
) ≡ (y0, y1, y2, y3) ≡ (y0, y⊥) in the
fibers of P . Now consider the section Pm → /D(Pm,C) : p 7→ Xp defined as follows; for each
p ∈ Pm we can regard Xp as a generalised function of the variable y⊥ , with the expression
Xp(y) := l
−3/2 δ(y⊥−p⊥)
√
d3y .
Here l is a constant length needed in order to get an unscaled (“conformally invariant”)
semi-density (compare with the usual “box quantization” argument). Eventually, we get
the distinguished isomorphism Z1 ↔ /D(Pm,Z) which is determined by the correspondence
|z〉 ↔ Xp⊗ z , z ∈ Zp .
The dual frame of
{
Bpα
}
is
{
Bpα
}
where
B
pα = Xp ⊗ bα .
Here,
(
b
α
)
is the classical dual frame of
(
bα
)
; Xp, the dual of Xp , is actually the same
semi-density. We obtain 〈Bpα,Bqβ〉 = l−3 δ(p⊥ − q⊥) δaβ , an unscaled relation.
Let h : Pm → Z∗⊗Z∗ be the tensor describing the Hermitian structure of Z. Then
(bα)# = hα˙ α b¯α˙ : Pm → Z (we follow the common convention of indicating “conjugate” in-
dices by a dot). We extend this Hermitian structure to the quantum bundle by setting
(Bpα)# := Xp⊗ (bα)# ≡ hα˙ α Xp⊗ b¯α˙ ∈ /D(Pm,Z) .
3 This is a distinguished volume form on the shells, usually denoted as δ(p2 −m2).
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Recalling the generalised index summation convention, and using the spatial momentum as
a generalised index, we can see this Hermitian structure as associated with the tensor having
the generalised components H p˙ α˙ ,αp ≡ H p˙ p hα˙ α where H p˙ p = δ(p⊥˙− p⊥) .
1.5 Detectors and quantum configuration space
We consider a timelike submanifold T ⊂M and call it a detector. A momentum space for-
malism for particle interactions, in terms of generalised semi-densities, can be exhibited as a
sort of a complicated ‘clock’ carried by the detector.
A generalised frame of free one-particle states along T can be obtained as follows. At
some arbitrarily fixed event x0 ∈ T ⊂M we choose a classical frame
(
bα
)
of the bundle
Z ֌ (Pm)x0 , and note that the family of generalised semi-densities
{
Bpα(x0)
}
is a generalised
frame of Z1x0 ֌ (Pm)x0 . Then we transport Bpα along T by means of Fermi transport [19, 21]
for the spacetime and spinor factors,4 and, for the remaining factors, by means of parallel
transport relatively to a background connection of Z which will have to be assumed (see
also §3.1). We write
Bpα : T → /D(Pm,Z)T : t 7→ Bpα(t) = Xp(t)⊗ bα ,
where p : T → Pm : t 7→ p(t) is Fermi-transported and t = 0 at x0 . This yields a trivialization
/D(Pm,Z)T ∼= T × /D(Pm,Z)x0 ,
which can be seen as determined by a suitable connection called the free-particle connection.
Eventually, the above arguments can be naturally extended to multi-particle bundles and
states. When several particle types are considered, we get a trivialization VT ∼= T ×Q of
the total quantum state bundle, where Q ≡ Vx0 can be seen as the “quantum configuration
space”. The quantum interaction, an added term that modifies the free-field connection, can
be constructed by assembling the classical interaction with a distinguished quantum ingredi-
ent. By construction, the free-particle transport preserves particle type and number, while
the interaction doesn’t [17, 21].
Let (TM)
T
֌ T denote the restriction of the tangent bundle of M to base T . We have
the splitting (TM )
T
= (TM)‖T ⊕ (TM )⊥T into “timelike” and “spacelike” g-orthogonal sub-
bundles. Exponentiation determines, for each t ∈ T , a diffeomorphism from a neighbourhood
of 0 in (TM)⊥t to a spacelike submanifold Mt ⊂ M , and so a 3-dimensional foliation of a
neighbourhood N ≡ ⋃t∈T Mt ⊂M of T .
A tempered generalised semi-density on (Pm)t yields, via Fourier transform, a generalised
semi-density on (TM)⊥t . A suitable restriction then yields, via exponentiation, a generalised
semi-density on Mt (remember [36] that a distribution can be restricted to an open set). This
correspondence can be extended to Z-valued semi-densities by means of background linear
connections of the various “internal” bundles. We may view these auxiliary connections not
as classical gauge fields but rather as a “mean field” background structure, analogous to the
gravitational background, whereas quantum gauge fields are of a different nature (more about
that later). Eventually, the trivialisation VT ∼= T ×Q can be extended as VN ∼= N ×Q .
Note how this essentially amounts to a natural extension of the generalised quantum frames(
Bp,α
)
over T to generalised frames over N . In flat spacetime, and for an inertial detector,
we essentially get the usual correspondence between momentum-space and position-space
representation.
4 Fermi and parallel transport coincide if the detector is inertial.
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Accordingly, we also get the operator algebra
O ∼= Q⊗Q∗ ≡ Vx0 ⊗V∗x0 ,
where, as previously discussed, the identification is determined via normal ordering.
1.6 Quantum fields
Taking the fiber Hermitian structure of Z ֌ Pm into account, any ζ ∈ /D(Pm,Z∗) yields an
emission operator a†[ζ] ≡ a∗[ζ#] : ψ 7→ ζ# ♦ψ and an absorption operator a[ζ] : ψ 7→ ζ |ψ . We
write
aα(p⊥) ≡ ap α := a[Bpα] , a†α(p⊥) ≡ a†pα := a∗[(Bpα)#] ,
thus seeing aα and a†α as generalised functions of momentum. Consistently with the gener-
alised index notation we also write a[ζ] = ζpα a
p α, a†[ζ] = ζpα a†pα, and eventually
a[ ] = apα Bpα , a
†[ ] = a†p α Bpα .
We now consider a notion of quantum field on curved spacetime based on the choice of a
detector and the related constructions presented in §1.5. If (M , g) is Minkowski spacetime and
T is inertial (a straight line) then we have the orthogonal decomposition M = T ×X , namely
Mt ≡X (a Euclidean space) ∀ t ∈ T , and define the free quantum field, in the considered
sector, to be φ(x) ≡ φ(+)(x) + φ(−)(x) with
φ(+)(x) :=
1
(2π)3/2
∫
d3p√
2 p0
e−i 〈p,x〉 aα(p⊥) bα(p⊥) ,
φ(−)(x) :=
1
(2π)3/2
∫
d3p√
2 p0
ei p0 t a†α(p⊥) b¯α(p⊥) ,
where p0 ≡ (m2 + p2⊥)1/2, x ≡ (t, x⊥) , 〈p, x〉 = p0 t+ 〈p⊥, x⊥〉 . Thus φ(+)(x) and φ(−)(x) are,
respectively, a Fourier transform of a[ ] and a Fourier anti-transform of a†[ ] related to the
Leray form of the mass shell.5 In curved spacetime, all this still makes sense if the neigh-
bourhood N of T coincides with M (namely we have a global time× space decomposition of
M ). Alternatively, it could be viewed as a kind of linearization by replacing Mt ≡X with
(TM )⊥x0 in the whole construction.
Remark. a[ ] and a†[ ] can be seen as generalised maps T × (P⊥×Z∗)x0 → O , or equivalently,
because of linearity, as morphisms T ×P⊥ → ZT ⊗O over T and distributions on P⊥ ֌ T .
Our next step will be expressing the above φ as a local section of some vector bundle
over M , in order to recover the usual approach in which one “quantises” a classical field
by rendering it “operator-valued”. The basic issue here is that Z, in general, is a vector
bundle over Pm . In many practical cases one actually has a “semi-trivial” bundle Pm×M Z,
where Z ֌M is the true “internal” vector bundle. The notable exceptions are given by spin
bundles. For fermions, these are sub-bundles of semi-trivial bundles anyway (§3.2). For gauge
bosons, the same holds true when a gauge has been chosen (§3.1). So bβ(p⊥) = Kαβ(p⊥) b′α and
b¯β(p⊥) = K
α
β(p⊥) b¯
′
α , where
(
b
′
α
)
is a new frame, independent of momentum. The Hermitian
metric yields an identification Z ∼= Z∗, allowing us to write b′α = b¯′α and φ(x) = φα(x) b′α(t) ,
with
φα(x) ≡ 1
(2π)3/2
∫
d3p√
2 p0
K
α
β(p⊥)
(
e−i 〈p,x〉 aβ(p⊥) + ei 〈p,x〉 a†β(p⊥)
)
.
5 As indicated by the factor (2 p0)
−1/2, which could be absorbed either in
{
Bp α
}
or in the interaction.
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Eventually we can identify φ(x) with an element in the fiber at x of a vector bundle over M by
parallel transport of b′α along the spacelike geodesic from t to x (relatively to the gauge-fixing
connection). Its components φα(x) are valued in a fixed algebra of linear operators on the
space Q of quantum states.6
Remark. The meaning of the above integral should be specified. The integrand can be
seen as a generalised map Φx : P⊥ → O1, the target being the fixed vector space of linear
maps Q◦ →Q introduced in §1.2 (Q◦ ⊂Q is the subspace of all test elements). Then the
requirement
〈
ζ ,
(∫
d3pΦx(p⊥)
)
χ
〉
=
∫
d3p
〈
ζ , Φx(p⊥)χ
〉
, ζ, χ ∈Q◦ ,
characterises the integral as belonging to the extended operator space O• (§1.2). Similar ob-
servations can be made in other situations where integrals ofO-valued maps occur (§2.2, §2.4).
Henceforth, for notational simplicity, we’ll indicate as O the above said extended opera-
tor space. We can now see the quantum field as a generalised section (in the distributional
sense) M → O⊗M Z . The set of all quantum fields of a theory can be described as a gener-
alised section M → E ≡ O⊗E, where E ֌M is the classical “configuration bundle” (the
finite-dimensional vector bundle whose sections are the classical fields). In other terms, the
“quantum bundle” E ֌M replaces the classical configuration bundle. Note that all ten-
sor products and contractions, via multiplication in O, again generate O-valued fields. In
particular, a generalised map M → O may be called a quantum scalar. Finally, point-wise
multiplication of field components is super-commutative by virtue of the modified rule (1).
The above φ is an essentially unique, well-defined object, fulfilling the Klein-Gordon equa-
tion and determined by the underlying classical geometry. We call it a free field. We’ll be
interested, more generally, in “interpolating fields”, namely generalised sectionsM → E which
are solutions of a differential equation containing interactions among various “sectors” in E .
Remark. Admittedly, the above scheme relies on the choice of a detector and, in general,
only makes sense as a local linearisation. However, some kind of an observer and the preferred
time related to it are always needed in quantum physics, and we are lead to conclude that the
equivalence between position and momentum representations may be only local and partial
in non-flat spacetime. We might argue that the particle/field complementarity issue is still
unresolved: the two views can’t be both fundamental and on the same footing.
2 F-smooth geometry and Lagrangian field theory
2.1 F-smooth geometry for quantum fields
The notion of F-smoothness enters our approach to quantum fields essentially in two ways,
the first being the construction of bundles of states over momenta (§1.4). Then, in order to
deal with quantum fields as sketched in §1.6, we must extend the fundamental differential
geometric notions for classical bundles to the case of a quantum bundle E ֌M .
We start from the F-smooth structure of O characterised by a suitable set CO , defined
to be the family of all curves C : R→ O such that, for any test element χ ∈Q◦ ⊂Q , the
curve Cχ : R→Q : s 7→ C(s)χ is F-smooth. In particular, if α : R→Q∗1 and c : R→Q1
6 We remark that φ is a combination of particle absorption and anti-particle emission, while the conjugate
field φ¯ is a combination of anti-particle absorption and particle emission.
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are F-smooth curves, then the curves s 7→ a[α(s)] and s 7→ a∗[c(s)] are F-smooth. A curve
Cˆ : R→ O⊗E is said to be F-smooth if
〈σ, Cˆ〉 : R→ O : s 7→ 〈σ, Cˆ(s)〉
is F-smooth for any classical smooth section σ : M → E∗.
Now ℘ : E ≡ O⊗E ֌M turns out to be an F-smooth vector bundle: if X ⊂M is
an open subset and (x, y) : EX → X ×Y is a smooth linear trivialisation, then one has an
F-smooth local trivialisation EX →X ×Y , still denoted as (x, y) , where Y ≡ O⊗Y . In
particular, a linear fibered chart
(
xa, yi
)
on E can be seen as a linear fibered chart on E, the
fiber “coordinates” yi being now O-valued.
To the reader which is familiar with the geometry of jet bundles, parts of this section will
look, at first sight, just as remainders; this is exactly one of the virtues of the F-smoothness
approach. However we note that certain points do require some care.
Tangent, vertical and jet spaces
It can be shown [16] that if c is an F-smooth curve valued into a distributional space then
there exists a unique curve ∂c, valued into the same space, such that 〈c, u〉′ = 〈∂c, u〉 for any
test element u (here the prime denotes the ordinary derivative of functions R→ R). Hence, if
C : R→ O is an F-smooth curve then the rule ∂C(s)χ := ∂(C(s)χ) ∀χ ∈Q◦ defines a unique
curve ∂C : R→ O; moreover, the tangent prolongation TC : R× R→ TO ≡ O×O is well
defined as TC(s, τ) :=
(
C(s), τ ∂C(s)
)
.
If Cˆ : R→ E ≡ O⊗E is F-smooth then xa ◦ Cˆ : R→ R and yi ◦ Cˆ : R→ O. Two such
curves Cˆ and Cˆ1 are said to be first-order equivalent at (say) 0 ∈ R if Cˆ1(0) = Cˆ(0) ≡ y ∈ E
and their “components” have the same derivatives at 0 , namely ∂(xa ◦ Cˆ)(0) = ∂(xa ◦ Cˆ1)(0)
and ∂(yi ◦ Cˆ)(0) = ∂(yi ◦ Cˆ1)(0) in any chart. The equivalence class TyE is called the tangent
space of E at y, and naturally turns out to be a vector space. Each local linear trivialization
(x, y) : EX →X ×Y determines a local F-smooth trivialization
T(x, y) ≡ (Tx,Ty) : TE ≡
⊔
y∈E
TyE → TX ×TY ,
where Y ≡ O⊗Y , TY ≡ Y ×Y . Hence, the fibered set πE : TE ֌ E turns out to be an
F-smooth bundle. We have another F-smooth bundle with the same total space, namely
T℘ : TE ֌ TM : ∂Cˆ 7→ ∂(℘ ◦ Cˆ) .
Moreover we have the vertical subbundle VE := KerT℘ ⊂ TE , the natural identification
VE = E ×M E, and the exact sequence over E
0→ VE → TE → E ×
M
TM → 0 .
The subbundle of T∗M ⊗E TE which projects over the identity of TM is called the first
jet bundle and denoted by JE → E . This is an affine bundle over E , with ‘derived’ vector
bundle T∗M ⊗E VE . The restriction of T∗x⊗T(x, y) is a local bundle trivialization
J(x, y) : JEX → J(X ×Y) ∼= Y ×
(
T∗X ⊗Y) .
If
(
xa, yi
)
is a linear fibered coordinate chart of E, then the naturally induced charts on TE
and JE are denoted by
(
xa, yi; x˙a, y˙i
)
and
(
xa, yi, yia
)
, respectively. Also higher jet spaces can
be defined similarly to the finite-dimensional case, and have the same basic formal properties.
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As the classical bundle E ֌M is a vector bundle, JE ֌M turns out to be a vector
bundle, too (while JE ֌ E is affine). Then it’s not difficult to exhibit a distinguished isomor-
phism JE ∼= O⊗ JE. Similarly, VE ∼= O⊗VE and TE ∼= O⊗TE, where the latter tensor
product is over TM .
Prolongations
If f : E → O is F-smooth then its tangent prolongation Tf ≡ (f,df) : TE → TO ≡ O×O is
characterised by the requirement that the rule 〈df, ∂Cˆ〉 = ∂(f ◦ Cˆ) holds for any F-smooth
curve Cˆ : R→ E . Then df : TE → O turns out to be a linear morphism (closely related to
the usual notion of functional derivative).
Setting v ≡ ∂Cˆ(0) ∈ TE we also write v.f ≡ ∂(f ◦ Cˆ)(0) ; more generally, if v : E → TE
is F-smooth then we obtain the F-smooth function v.f ≡ 〈df, v〉 , called the derivative of f
along v. It’s not difficult to see that this operation fulfills the ordinary Leibnitz rule
v.(fg) = (v.f) g + f v.g = 〈df, v〉 g + f 〈dg, v〉 .
We then write d(fg) = df g + f dg with the understanding that it is applied to v by applying
df and dg to v without changing the order of any factors.
If Φ : E → E ′ is a morphism of quantum bundles then we define TΦ : TE → TE ′ to be
characterised by TΦ ◦ ∂Cˆ = ∂(Φ ◦ Cˆ), and VΦ : VE → VE ′ as its vertical restriction.
If φ : M → E is an F-smooth section, then Tφ : TM → TE projects over the identity of
TM , so that it can be viewed as a section jφ : M → JE (the first jet prolongation of φ). The jet
prolongation morphism JΦ : JE → JE ′ is defined by the requirement j(Φ ◦ φ) = JΦ ◦ jφ for any
φ . We then get the tangent, vertical and jet functors, which can be iterated essentially as in
finite-dimensional geometry. In particular, we indicate the k-th (holonomic) jet prolongation
of E ֌M as JkE ֌ Jk−1E ֌ ···֌ E ֌M .
The induced fiber coordinates yiA on jet bundles, where A is a base manifold multi-index,
are defined as usual by yiA ◦ jkφ = ∂Aφi for all sections φ : M → E , k = |A| being the multi-
index’ length.
Straightforward extensions of the above constructions yield bundles VJkE and JkVE ,
which turn out to be naturally isomorphic to each other.
Partial derivatives
Let
(
xa, yi
)
be a linear fibered coordinate chart of E ֌M . The fiber coordinates
(
yi
)
can
be seen as elements of the dual frame of a local frame
(
bi
)
, and as O-valued fiber coordinates
on E. If f : E → O then the partial derivatives ∂∂xa f are well defined, since the coordinate
curves R→M corresponding to the base coordinates (xa) can be seen as E-valued via the
trivialisation associated with the chart itself.
Instead, the coordinate curves corresponding to the fiber coordinates
(
yi
)
can’t be nat-
urally seen as E-valued, so that we have no obvious meaning for ∂if ≡ ∂f/∂yi, and wonder
whether we can apply the known results and coordinate formulas of classical Lagrangian field
theory on jet bundles. Now observe that a vertical vector field v : E → VE can be written as
vi∂i , where ∂i ≡ ∂∂yi denotes the classical vectors tangent to the fiber coordinate curves and
the components vi are O-valued. Moreover 〈df, v〉 = v.f has a well-defined meaning, as pre-
viously discussed. In particular, if λ ∈ O then we write 〈df, λ ∂i〉 ≡ ∂ifλ ≡ ∂if(λ) , namely
we regard ∂if as a function on E valued into linear maps O → O. Thus 〈df, v〉 = ∂if vi gets
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a well-defined meaning, though the right-hand side must not be intended as ordinary multi-
plication. We now write df = ∂af dx
a + ∂if dy
i, so that if v = va ∂a + v
i ∂i : E → TE is an
arbitrary vector field then 〈df, v〉 = ∂af va + ∂if vi.
In practical calculations one may wish to be able to write down an explicit expression for
∂if . This can be easily done when f is a polynomial in the linear fiber coordinates y
i, as it is
indeed true in many cases of interest (§3.3). One possibility would be marking in some way
the “insertion point” for the O-argument in each monomial in ∂if . But recalling (§1.6) that
the product of field components at any given spacetime point is defined in such a way to be
super-commutative, and observing that the fiber coordinates can be (and are) chosen in such
a way that each one belongs to a sector of definite Z2-grade, we can just define
∂f
∂yi
≡ ∂if by
∂f
∂yi
λ = 〈df, λ ∂i〉 ∀λ ∈ O such that ⌊λ⌉ = ⌊yi⌉ .
In this way, explict expressions of partial derivatives are the same as in the classical situation,
possibly up to a sign in each monomial.
The above discussion naturally extends to partial derivation with respect to the induced
fiber coordinates yiA on jet bundles. As a consequence, several basic differential geometric
operations on the “quantum bundle” E ֌M turn out to have, formally, the same expressions
as their classical counterparts on the “classical bundle” E ֌M , though some extra care will
be needed in the ordering of factors.
Connections
We denote by ϑ : JE ×E TE → VE the complementary morphism, over E, of the inclusion
JE →֒ T∗M ⊗E TE. Its coordinate expression is ϑi = dyi − yia dxa . The basic idea associated
with ϑ is that a point ξ ∈ JeE , e ∈ E, determines a linear projection TeE ֌ VeE and hence a
splitting of TeE into the direct sum HξE ⊕VeE of a “ξ-horizontal” subspace and the vertical
subspace.
A connection on ℘ : E →M is defined to be an F-smooth section Γ : E → JE. As in the
finite-dimensional case, a connection can be assigned by choosing any one of various equivalent
structures. First, Γ can be viewed as a linear morphism E ×M TM → TE over E such that
(πE ,T℘) ◦ Γ turns out to be the identity of E ×M TM . The image HΓE := Γ(E ×M TM) is
a vector subbundle of TE ֌ E ; the restriction of Γ ◦ (πE ,T℘) is the identity of HΓE . If
v : M → TM is a smooth vector field, then Γ[v] : E → TE is an F-smooth vector field, called
its horizontal lift. Moreover we have the complementary morphism
ΩΓ := ϑ ◦ Γ ≡ 1 − Γ : TE → VE ≡ E ×
M
E ,
so that the map
(
Γ ◦ (πE ,T℘) , ΩΓ
)
determines the decomposition TE = HΓE ⊕E VE .
The covariant derivative of an F-smooth section φ : M → E is defined to be the linear
morphism over M
∇φ ≡ ∇[Γ]φ := pr2 ◦ΩΓ ◦ Tφ : TM → E .
If v : M → TM is a vector field then we write ∇vφ ≡ ∇φ ◦ v.
We say that Γ is a linear connection if it is a linear morphism E → JE over M . Then its
curvature tensor can be defined as a section RΓ : M → ∧2T∗M ⊗M End(E) , formally charac-
terised as in the finite-dimensional case.
Any linear morphism of finite-dimensional vector bundles naturally yields a linear mor-
phism of the corresponding quantum bundles (via tensor product by O). In particular, a
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linear connection Γ : E → JE of the classical configuration bundle yields a linear quantum
connection E → JE, which is indicated by the same symbol.
Dual quantum bundles
The cotangent space is one notion of classical geometry which does not readily extends to the
context of F-smooth geometry. Such extension can be done in the present special context,
still without being involved with duality in a general sense.
We define the dual bundle of E ≡O⊗E ֌M to be simply E∗ ≡ O⊗E∗ ֌M , so avoid-
ing functional duals. An element in E∗x , x ∈M , can be seen as a linear map Ex → O. More-
over we define the vertical dual to be V∗E := E ×M E∗. If f : E → O then its fiber differential
dˇf : E → V∗E is well-defined as the restriction of df to VE .
A straightforward extension of the above procedure yields the bundles V∗JkE , k ∈ N .
In order to introduce the cotangent bundle T∗E ֌ E we first note that any λ ∈ O⊗T∗M
can be viewed as an F-smooth linear morphism TE ֌ O over E via the rule v 7→ 〈λ,T℘(v)〉.
The image of this inclusion is a vector bundle H∗E ֌ E . We define T∗E ֌ E to be be the
smallest vector bundle, containing H∗E as a sub-bundle, whose fibers are constituted by F-
smooth linear maps TE ֌ O whose restrictions to VE are in V∗E . As in the classical case
we have the exact sequence over 0→ H∗E → T∗E → V∗E → 0 , which splits over JE .
2.2 Basic forms and Lagrangian field theory
In classical Lagrangian field theory [34, 29, 32, 33, 38, 39] one deals with arbitrary exterior
forms on jet bundles of the configuration bundle. Furthermore one deals with the Lie bracket
of arbitrary vector fields and the Fro¨licher-Nijenhuis bracket of vector-valued forms. All such
notions and operations can be introduced in the above described quantum context, though
some complications do arise. For our present purposes, however, we’ll only need the restricted
notions of vertical dual and of basic (or totally horizontal) form.
A “basic” q-form of order k is defined to be an F-smooth morphism α : JkE → O⊗∧qT∗M
over M , q, k ∈ {0} ∪ N . A basic 0-form, in particular, is a map f : JkE → O. It’s easy to
see that there exists a unique 1-form of order k+1 , indicated as dHf : Jk+1E → O⊗T∗M
and called the horizontal differential of f , with the property that for any F-smooth section
φ : M → E one has dHf ◦ jk+1φ = d(f ◦ jkφ) . We write its coordinate expression as daf dxa,
with
daf ≡ ∂af +
∑
0≤|A|≤k
∂Ai f y
i
A+a ≡ ∂af + ∂if yia + ∂bi f yiab + ···+ ∂b1...bki f yiab1...bk ,
where ∂Ai f ≡ ∂f/∂yiA . Note that da can be seen as the coordinate expression of the holonomic
restriction of Jf , the jet functor applied to f seen as a morphism overM . Similarly we indicate
by dAf the expression of the holonomic restriction of J···Jf , the jet functor iterated |A| times.
We extend dH to act on arbitrary basic forms
7 by requiring it to be an anti-derivation
of degree 1 vanishing on closed classical basic forms. If α = αa1...aq dx
a1 ∧ ··· ∧dxaq , where
αa1...aq : JkE → O , then we get the coordinate expression dHα = dHαa1...aq ∧ dxa1 ∧ ··· ∧dxaq .
It’s then immediate to check that the horizontal differential is nilpotent, i.e. d2H = 0 .
7 For a general definition of horizontal and vertical differentials in the finite-dimensional context see e.g.
Saunders [35].
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Let m = dimM . A k-order Lagrangian density is an m-form L : JkE → O⊗∧mT∗M . We
write its coordinate expression as ℓ dmx , with ℓ : JkE → O. The related field equation for
fields φ : M → E is Fi ◦ j2kφ = 0 , where
Fi :=
∑
0≤|A|≤k
(−1)|A| dA∂Ai ℓ ≡ ∂iℓ− da∂ai ℓ+ dab∂abi ℓ− ···
are the components of the Euler-Lagrange operator F [L] : J2kE → ∧mT∗M ⊗E V∗E. As in the
classical case, the field equation can be derived from the requirement that the action integral∫L ◦ jkφ be stationary on any compact set for any variation of the field φ which is fixed on
the set’s boundary (in other terms, the functional derivative of the action vanishes whenever
it is applied to an “increment” with compact support).
A straightforward extension of the notion of fiber differential introduced in §2.1 yields the
fiber derivative of a basic form, which for the Lagrangian density reads
dˇL = dmx⊗ dˇℓ : J2E → ∧mT∗M ⊗
E
V∗JkE .
Introducing the shorthand PAi ≡ ∂Ai ℓ we have
F [L] = dmx⊗
( ∑
0≤|A|≤k
(−1)|A| dAPAi
)
dyi , dˇL = dmx⊗
( ∑
0≤|A|≤k
PAi dy
i
A
)
.
2.3 Vertical infinitesimal symmetries and currents
We consider a morphism v : JE → VE over E , written in coordinates as vi ∂i with vi : JE → O.
Its k-th holonomic prolongation
v(k) =
∑
0≤|A|≤k
dAv
i ∂Ai : Jk+1E → VJkE
can be introduced as the restriction of the k-jet prolongation Jkv : JkJE → JkVE to the holo-
nomic subbundle Jk+1E ⊂ JkJE, taking the natural isomorphism JkVE ∼= VJkE into account.
We now define a new operation δ[v] acting on basic forms α : JkE → O⊗∧qT∗M as
δ[v]α := dˇα⌋v(k) : Jk+1E → O⊗∧qT∗M .
This is, in a sense, a generalization of the standard Lie derivative; but note that it raises the
order of the form acted on. The extension to non-vertical vector fields and non-basic forms is
possible but more intricate, and won’t be needed in this paper.
Remark. Setting
Λ
q
k := Sections(JkE → O⊗∧qT∗M) , k, q ∈ {0} ∪ N , 0 ≤ q ≤ dimM ,
where J0E ≡ E , then ∀q and for any given v : JE → TE we obtain the (infinite) sequence
Λ
q
0
δ[v]−−−−→ Λq1
δ[v]−−−−→ . . . δ[v]−−−−→ Λqk
δ[v]−−−−→ . . .
By direct calculations it is not difficult to check:
Proposition 2.1 The operations dH and δ[v] commute.
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In the case of the Lagrangian density we obtain the coordinate expression
δ[v]L =
( ∑
0≤|A|≤k
PAi dAv
i
)
dmx .
The above horizontal form has a straightforward physical interpretation. Actually it’s not dif-
ficult to see that if φ : M → E and we make the replacement φ→ φ+ ǫ v ◦ jkφ , then the vari-
ation of the action functional I[φ] ≡ ∫L ◦ jkφ , at first order in ǫ ∈ R+, is just ǫ ∫ δ[v]L ◦ jk+1φ.
Accordingly, we say that v is a symmetry of the field theory under consideration if δ[v]L = 0 .
Observing that there is a natural inclusion V∗E →֒ V∗JkE (complementary to the fibering
VJkE ֌ VE), we can compare dˇL and F [L] . Contracting their difference with v(k) we get
the new 2k-order density
δ[v]L − F⌋v =
∑
1≤|A|≤k
(
PAi dAv
i − (−1)|A| dAPAi vi
)
dmx .
Theorem 2.1 δ[v]L −F⌋v is an exact horizontal differential.
proof: Consider P = dxa⊗Pa : J2k−1E → ∧m−1T∗M ⊗V∗Jk−1E , where dxa ≡ ∂a|dmx and
Pa =
∑
0≤|B|≤k−1
0≤|A|≤k−|B|−1
(−1)|A| dAP a+A+Bi dyiB .
Then one may check that actually dH(P⌋v(k−1)) = δ[v]L − F⌋v. 
An analogous of P, or an exterior form related to it, is called “momentum” in classical
Lagrangian field theories, where it is related to the notion of Poincare´-Cartan form [29, 32].
We’ll be only involved with orders one and two, respectively yielding
Pa⌋v = P ai vi and Pa⌋v(1) = (P ai − dbP abi ) vi + P abi dbvi .
Definition 2.1 A horizontal form J : JrE → O⊗∧m−1T∗M is called a conserved current if
dHJ ◦ jr+1φ vanishes for any critical section φ : M → E (that is, for any section fulfilling the
field equation Fi ◦ j2kφ = 0).
Using theorem 2.1 we then immediately prove the following version of Noether’s theorem:
Theorem 2.2 Let v : JE → VE be a morphism over E and N : JkE → O⊗∧m−1T∗M a basic
form such that δ[v]L = dHN . Then J [v] := P⌋v(k−1) −N is a conserved current.
2.4 Symmetry and charge
In relation to the setting discussed in §1.6 we now consider a spacetime synchronization, and
use coordinates adapted to it: synchronicity submanifolds are characterized by x0 = constant.
We set Πi ≡ P 0i ≡ ∂0i ℓ . In a Hamiltonian setting, which we are not discussing in detail here,
this plays the role of the “conjugate momentum” associated with yi. Field components and
canonical momenta fulfill the equal-time super-commutation rules
{[
φi(x) , Πj(x
′)
]}
= i δij δ(x⊥−x′⊥)
√
|g| (x) ,
{[
φi(x) , φj(x′)
]}
=
{[
Πi(x) , Πj(x
′)
]}
= 0 ,
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where x ≡ (t, x⊥) , x′ ≡ (t, x′⊥) , and we used the shorthand Πi(x) ≡ Πi ◦ jφ(x) . Indeed, these
rules can be directly checked to hold true for free fields, and their validity for critical sections
can be inferred by arguments based on the form of the dynamics. Note that the product of
field components valued at different spacetime points is defined in terms of the non-super-
commutative product in O (§1.1), and related formulas must be intended in a generalized
distributional sense.
If J = J a dxa : JE → O⊗∧3T∗M is a conserved current then
J 0 = Πi vi : JE → O
is called the associated charge density. For any critical section φ : M → E we define the
related charge Q ∈ O as
Q :=
∫
Mt
J ◦ jφ =
∫
Mt
(J 0 ◦ jφ) dx0 ≡
∫
Mt
Πi(x) v
i(x) d3x ,
where Mt is any synchronicity manifold. This is independent of t because φ is critical, and
certainly finite if φ has compact spatial support. Now we suppose ⌊Q⌉ = ⌊J 0⌉ = 0 , so that
{[
Q, φi(x)
]}
=
[
Q, φi(x)
]
=
∫
d3x′
[
Πj(x
′) vj(x′) , φi(x)
]
,
where vj(x′) ≡ vj ◦ jφ(x′) and the like. Moreover we suppose {[φi(x) , vj [φ](x′)]} = 0 . Then
[
Q, φi(x)
]
= ±
∫
d3x′
{[
Πj(x
′) , φi(x)
]}
vj(x′) = −i
∫
d3x′ δij δ(x⊥ − x′⊥)
√
|g| (x) vj(x′) =
= −i vi[φ](x)√|g| (x) .
Since vi[φ] ≡ δ[v]φi, we can rewrite the above result as
δ[v]φi = i
[
Q, φi
]
|g|−1/2 .
One also says that the infinitesimal symmetry v is generated by the corresponding charge Q .
We recall that the functional derivative DF [φ] of a “field functional” φ 7→ F [φ] ∈ O is the
linear map acting on fields θ : M → E as DF [φ][θ] := limǫ→0 1ǫ (F [φ+ ǫ θ]− F [φ]) . Then we
set
δ[v]F [φ] := DF [φ][v ◦ jφ] ,
which provides a natural extension of δ[v] since, when F [φ] = F ◦ jkφ with F : JkE → O , then
indeed we have (δ[v]F ) ◦ jkφ = δ[v]F [φ] . The relation δ[v]F = i
[
Q, F
]
|g|−1/2 can be easily seen
to hold at least when F is a fiber polynomial.
3 Gauge theory and BRST symmetry
3.1 Remarks about gauge fixing
If the “matter field” of a classical theory is a section of a vector bundle E ֌M , then the
classical “gauge field” is a linear connection of that bundle, whose true physical meaning is
encoded in the curvature tensor. Hence, different connections may yield the same physical
field. Locally, connections can be described as tensor fields by choosing a gauge, namely
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a local “flat” connection γ0 : an arbitrary linear connection γ is then characterised by the
difference
α ≡ γ − γ0 : M → T∗M ⊗
M
EndE ≡ T∗M ⊗
M
E⊗
M
E
∗ .
The fibers of the vector bundle EndE ֌M are constituted by all linear endomorphisms of
the respective fibers of E, and are naturally Lie algebras via the ordinary commutator. In fact,
this is the Lie algebra bundle of the group bundle AutE ֌M of all fibered automorphisms
of E. Moreover E is usually endowed with some fibered geometric structure, which selects the
(“internal” symmetry) Lie-group subbundle G֌M of all automorphisms preserving it; the
fibers of G are isomorphic Lie groups, though distinguished isomorphisms among them don’t
exist in general.8 A section M → G is called a (local) gauge transformation. The Lie algebra
bundle of G is a sub-bundle L ⊂ EndE. If we restrict ourselves to consider connections which
make the fiber geometric structure covariantly constant, then the difference of any two such
connections is L-valued.
A linear connection can be seen as a section M → Γ, where Γ ⊂ JE⊗M E∗ ֌M is the
affine sub-bundle projecting over the identity 1E. Its “derived” vector bundle (the bundle of
“differences of linear connections”) is DΓ = T∗M ⊗M EndE . A fiber symmetry determines
an affine sub-bundle Γ
G
⊂ Γ , and DΓ
G
= T∗M ⊗M L .
Gauge freedom can be viewed in terms of momenta by observing that one usually tries
to describe a radiative electromagnetic field as a tensor field of the form F = k∧ b , with
k, b : M → P such that k# is a geodesic null vector field and g#(k, b) = 0 . Though in curved
spacetime there is no guarantee that we can find a closed such F , a natural viewpoint shift
suggest that this algebraic type is suitable for describing photons. Then the couple (k, b)
constitutes a redundant description.
Recalling the notion of a quantum field discussed in §1.6 and §2.1, we realize that all
fields must be sections of some vector bundle. This is achieved by fixing a gauge, but the
resulting theory has now too many “degrees of freedom”. In order to view this aspect in
terms of the momentum formulation, we treat a gauge field as a section α : P → P ⊗L ,
P ≡ T∗M . A close examination at point interactions in terms of 2-spinors [22] shows that
the replacement α(p)→ p⊗χ(p) + α(p) , with χ : P → L , actually does not affect scattering
matrix calculations. Hence the physical meaning of the gauge field is encoded in its equivalence
class, α and α′ being equivalent if their difference is of the kind p⊗χ . The equivalence class
of α also uniquely determines the “curvature-like” tensor
ρ[α] := i p∧α+ α⊼α ,
where the notation α⊼ β stands for exterior product of L-valued forms together with compo-
sition (if α and β are L-valued 1-forms then (α⊼β) iab = c
i
jkα
j
a β
k
b where c
i
jk ≡ [lj , lk]i are
the “structure constants” in the chosen special frame
(
li
)
of L). The Lagrangian density for
the field α , written in terms of ρ[α] , contains all the needed self-interaction terms.
In scattering matrix calculations, gauge freedom is exploited by a suitable gauge fixing,
namely by inserting, in the gauge particle propagator, terms that won’t affect the final result.
On turn, these derive from an added term in the Lagrangian which is not gauge-invariant,
namely does not “pass to the quotient” when we deal with the above said equivalence classes,
though it is a natural geometric object when α is seen as a tensor field.
8 Usually people prefer to deal with a fixed group, by exploiting the notion of principal bundle.
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3.2 Geometric background for gauge field theory
In previous papers [14, 15, 18, 20], a fairly general geometric background for gauge field
theories, encompassing at least all the sectors needed in the standard model, was shown to
arise naturally from a few elementary blocks (“minimal geometric data”). While having that
in mind, for a preliminary discussion we can conveniently use a simplified setting in which we
provisionally disregard the differences between the right-handed and the left-handed sectors,
and issues related to symmetry breaking.
Let W ֌M be the bundle of Dirac spinors, and m the considered fermion’s mass. The
“semi-trivial” bundle Pm×M W ֌ Pm has the distinguished decomposition W+⊕Pm W−
with W±p := ker(m∓ γp) , where γ denotes the Dirac map. We call W+ and W− the electron
and positron bundles, respectively [15, 18]. The sub-bundles W± are mutually orthogonal in
the Hermitian metric associated with Dirac conjugation; this has signature (++−−) , and the
sign of its restriction to W± is the same as the label. We have a distinguished transformation
expressing a Dirac frame
(
uA(p) ; vB(p)
)
, A,B = 1, 2, which is adapted to the decomposition
Wp = W
+
p ⊕W−p , in terms of a frame independent of p, e.g. the Dirac frame
(
ζα
)
associated
with the observer (α = 1, 2, 3, 4). This transformation is inserted in the integral defining the
components of the fermion field (§1.6).
Let now F ֌M be a complex vector bundle, endowed with a fibered positive Hermitian
metric, describing the internal fermion structure besides spin, and L ⊂ EndF the associated
Lie algebra bundle overM (§3.1). Our classical configuration bundle has then a fermion sector
Y ≡W ⊗M F and the gauge field sector P ⊗M L . In order to deal with gauge symmetry we’ll
have to include also some “ghost sectors”, whose classical configuration bundles are either L or
L
∗. Besides the Dirac frame, we deal with a frame
(
fi
)
of F and a frame
(
lI
)
of L . Whenever
no confusion arises, a dual frame is denoted by the same symbol and shifted index position.
We also write lI = l
i
Ij fi⊗ fj and lI = lIji fi⊗ fj , so that the natural inclusion l : L →֒ EndF
has the local expression l = lI ⊗ l iIj fi⊗ fj . We also have a Hermitian structure on EndF ,
given by (X,Y ) 7→ Tr(X† Y ); its restriction to L , constituted by all traceless anti-Hermitian
endomorphisms, is negative-definite, thus l†I = −lI if
(
lI
)
is orthonormal as we’ll assume. The
following table gives, for each sector, the notation used for the related field components, its
grade (or parity), and the classical configuration bundles:
field grade components cl. config. bundle
fermion 1 ψαi F ⊗W
gauge boson 0 AIa T
∗
M ⊗L
ghost 1 ωI L
anti-ghost 1 ̟I L
∗
Nakanishi-Lautrup 0 nI L
Note that the ghost, anti-ghost and Nakanishi-Lautrup (NL) fields are all mutually indepen-
dent, the natural isomorphism L↔ L∗ not withstanding.
3.3 The Lagrangian
We consider a first-order Lagrangian density L = ℓ d4x : JE → O⊗∧mT∗M , with
ℓ = ℓψ + ℓA + ℓghost : JE → O
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sum of fermion, gauge and ghost sectors terms defined as
ℓψ =
(
i
2
(
ψ¯αi /∇ψαi − /∇ψ¯αi ψαi
)−mψ¯αi ψαi
)√
|g| .
ℓA = −14 gab gcd F Iac FbdI
√
|g| ≡ −14 gab gcd F iacj F jbd i
√
|g| ,
ℓghost = g
ab̟I,a ∇bωI √|g| + nI (f I + 12 ξ nI )
√
|g| , ξ ∈ R ,
where g is the spacetime metric, |g| ≡ |det g|, ψ¯ : M → O⊗F ∗⊗W ∗ is the Dirac adjoint of
ψ , and
/∇ψαi = gab γ αb β
(
ψβi,a −A iaj ψβj −  Γ βa γ ψγi
)
,
/∇ψ¯αi = gab
(
ψ¯βi,a +A
j
ai ψ¯βj +  Γ γa β ψ¯γi
)
γ βb α ,
 Γ αa β = 14 Γ
λµ
a (γλ γµ)
α
β =
1
4 Γ
λµ
a (γλ ∧ γµ)αβ ,
F Iac = F
i
acj l
I i
j = A
I
[a,c] + c
I
JH A
J
a A
H
c = A
I
[a,c] + [Aa , Ac]
I ,
∇bωI ≡ ωI,b + cIJH ωJ AHb , f I ≡ (∗d∗A)I = 1√|g| da(gab
√
|g| AIb) .
Here  Γ : W → JW denotes the spin connection, describing the interaction between spin and
gravitation. As it is customary, for notation simplicity we indicate field components and the
related fiber coordinates by the same symbols.
While here we are not directly involved with the field equations for all the fields, we note
that for the NL field we get nI = −1ξf I. The NL-term in ℓghost then becomes − 12ξfIf I
√
|g| ,
which is recognized as the “gauge fixing term” usually added to the gauge field Lagrangian.
3.4 BRST symmetry
We consider the morphism v : JE → VE which has the coordinate expression
v = vαi
∂
∂ψαi
+ vαi
∂
∂ψ¯αi
+ vIa
∂
∂AIa
+ vI
∂
∂ωI
+ vI
∂
∂̟I
,
vαi = θ l iIj ω
I ψαj , vαi = θ l
j
I i ψ¯αj ω
I , vIa = θ∇aωI , vI = 12 θ cIJH ωJ ωH , vI = θ nI ,
where θ ∈ O is such that ⌊θ⌉ = 1 , so that the components of v have the same parities as their
respective sectors.
If Φ : JkE → ∧qT∗M is a basic form then (§2.3) δ[v]Φ : Jk+1E → ∧qT∗M . We then define
the BRST transformation S by the rule
θ SΦ = δ[v]Φ .
In particular S acts on functions E → O (k = q = 0), and for fiber coordinates we obtain
essentially the usual formulas by which it is usually introduced as a “transformation of the
fields” [42]:
Sψαi = l iIj ω
I ψαj , Sψ¯αi = l
j
I i ω
I ψ¯αj , SA
I
a = ∇aωI = ωI,a + cIJH ωJ AHa ,
SωI = 12 c
I
JH ω
J ωH , S̟I = nI , SnI = 0 .
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It’s not difficult then to check that S is nilpotent, S2 = 0 . Consequently, for each exterior
degree 0 ≤ q ≤ 4 we have the exact sequence · · · S−→ Λqk S−→ Λqk+1 S−→ . . . (see §2.3).
With regard to practical calculations we note that proposition 2.1 implies that δ[v] and S
commute with the derivation of fields relatively to base coordinates. We also note that the
actions of δ[v] and S on fiber polynomials are, respectively, a derivation and an anti-derivation,
and that they respectively preserve and change grade.
We now discuss δ[v]L , using the observation that Lghost is S-exact up to a horizontal
differential.
Proposition 3.1 We have δ[v]Lghost = θ dHN where
N ≡ 〈n, ∗∇ω〉 = gab√|g| nI ∇bωI dxa .
proof: We have Sf I = 1√
|g|
da(g
ab√|g| ∇bωI) , whence
S
(
̟I (f
I + 12 ξ n
I)
√
|g|
)
= nI (f
I + 12 ξ n
I)
√
|g| −̟I da(gab√|g| ∇bωI) =
= nI (f
I + 12 ξ n
I)
√
|g| − da(̟I gab√|g| ∇bωI) +̟I,a gab√|g| ∇bωI ,
namely Lghost = SK + dH〈̟, ∗∇ω〉 with K ≡ ̟I (f I + 12 ξ nI)
√
|g| d4x . Hence
δ[v]Lghost = θ S2K + θ SdH〈̟, ∗∇ω〉 = 0 + θ dH〈n, ∗∇ω〉 ,
where we used δ[v]dH = dHδ[v] (proposition 2.1) and S∇bωI = S2AIb = 0 . 
The above proposition implies δ[v]L = δ[v](Lψ + LA) + θ dHN . Now Lψ+LA is the stan-
dard Lagrangian density of electrodynamics, dependent on spinor and e.m. fields (independent
of ghosts). The action of δ[v] on these is exactly that of an infinitesimal gauge transformation,
represented by θω . Hence Lψ+LA is δ[v]-closed, and finally we get δ[v]L = θ dHN .
Recalling theorem 2.2 we now get a current which we express as θJ a dxa , obtaining
J a = (−i 〈ψ¯ γa ω ψ〉+ 〈F ab,∇bω〉+ gab (nI ∇bωI − 12 ̟I,b cIJH ωJ ωH)
)√
|g| .
We write J = J(ψ,A) + Jghost where J(ψ,A) is constituted by the first two terms above; then
θJ(ψ,A) is the current related to an infinitesimal gauge transformation θω of the matter and
gauge fields. Actually, a calculation shows that dHJ(ψ,A) = 0 .
Remark. The symmetry ω → eα ω , ̟ → e−α̟ , α ∈ R , corresponds to the infinitesimal
symmetry vFP = ω
I ∂
∂ωI
−̟I ∂
∂̟I
. We have δ[vFP]L = 0 and get the Faddeev-Popov current
JFP = J aFP dxa = gab (̟I,b ωI +̟I ∇bωI)
√
|g| dxa ,
which fulfills
SJFP = gab nI,b ωI √|g| dxa + Jghost .
Moreover we find [vFP , v] = v .
With regard to the charge associated with an infinitesimal symmetry (§2.4), the case of
the BRST symmetry is peculiar because v depends on the choice of θ , which we get rid of by
setting δ[v] ≡ θ S and defining the charge Q in such a way that the charge in the general sense
is actually θQ . The argument of §2.4 applies because ⌊θQ⌉ = 0 , and it can be checked that
the equal-time identity
{[
φi(x) , vj [φ](x′)
]}
= 0 holds in each sector. Hence
θ Sφi = i
[
θ Q , φi
]
|g|−1/2 = i θ
{[
Q , φi
]}
|g|−1/2
⇒ Sφi = i{[Q , φi]} |g|−1/2 (i is a generic index).
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Finally, we remark that the ghost Lagrangian is often presented as an equivalent 2nd order
density −̟I da(gab∇bωI √|g| ) , rather than the 1st order density gab̟I,a ∇bωI √|g| . Actually
this amounts to considering a new Lagrangian L′ = L − dHM where
M≡ 〈̟, ∗∇ω〉 = gab̟I ∇bωI √|g| dxa .
We immediately see that δ[v]M = θN , so that
δ[v]L′ = δ[v]L − δ[v]dHM = θ dHN − dHδ[v]M = 0 .
Hence (theorem 2.2) we obtain the 2-nd order current
Pa⌋v(1) = (P ai − dbP abi ) vi + P abi dbvi ,
which, by a straightforward calculation, can be shown to coincide with θJ .
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